Let Q − (2n+1, q) be an elliptic quadric of PG(2n+1, q). A relative m-
Introduction
In 2011 Penttila and Williford [12] introduced the notion of relative hemisystem of a Hermitian surface H(3, q 2 ), q even. A relative hemisystem of H(3, q 2 ) with respect to a symplectic subgeometry W(3, q) ⊂ H(3, q 2 ) is a set S of generators of H(3, q 2 ) disjoint from W(3, q) such that each point of H(3, q 2 ) \ W(3, q) lies on q/2 generators of S. Relative hemisystems are interesting in view of their connection with primitive Q-polynomial association schemes not arising from distance regular graphs [12, Theorem 3] . Up to date, three infinite families of relative hemisystems of H(3, q 2 ) and a sporadic example are known [12] , [4] , [5] , [6] .
In a recent paper Bamberg and Lee [1] generalized the concept of a relative hemisystem to a relative m-cover of a generalized quadrangle. Let Γ be a generalized quadrangle with a subquadrangle Γ ′ . A relative m-cover of Γ is a set S of external lines with respect to Γ ′ such that each point of Γ \ Γ ′ lies on m members of S. Bamberg and Lee showed that a relative m-cover of a generalized quadrangle of order (q 2 , q) with respect to a subquadrangle of order (q, q) must be a hemisystem. In particular, they were able to prove an analogue of Segre's result [13] , [8, Section 19.3] . See also [7] . Indeed they showed that a nontrivial relative m-cover of H(3, q 2 ), with respect to a symplectic subgeometry W(3, q)
is a relative hemisystem, forcing q to be even [1, Theorem 1.1, Corollary 1.2].
An m-ovoid of a finite polar space P is a set of points which meets every generator of P in precisely m points [2] .
Dual of the generalized quadrangles H(3, q 2 ) and W(3, q) are the elliptic quadric Q − (5, q) and the parabolic quadric Q(4, q), respectively. A relative m-cover of H(3, q 2 ) corresponds then to a set of points R of Q − (5, q) \ Q(4, q) such that each generator of Q − (5, q) not on Q(4, q) meets R in m points. In this way, the dual of a relative m-cover of H(3, q 2 ) can be considered an "affine" m-ovoid of Q − (5, q).
In this paper we introduce the concept of relative m-ovoid of Q − (2n + 1, q) with respect to a parabolic section Q := Q(2n, q) ⊂ Q − (2n + 1, q) as a generalization of the dual of a relative m-cover of H(3, q 2 ). A relative m-ovoid
such that every generator of Q − (2n + 1, q) not contained in Q meets R in precisely m points. A relative m-ovoid having the same size as its complement
The paper is organized as follows. In Section 2 we show that a nontrivial relative m-ovoid of Q − (2n + 1, q) is necessarily a relative hemisystem, forcing q to be even. This generalizes the main result of [1] . In Section 3 we construct an infinite family of relative hemisystems of Q − (4n + 1, q), n ≥ 2, admitting PSp(2n, q 2 ) as an automorphism group. In Section 4 we show that a relative hemisystem of Q − (2n + 1, q) gives rise to non-classical (q n − 1)/(q − 1)-ovoids of the symplectic polar space W(2n + 1, q), generalizing [6, Proposition 3.1, Corollary 3.2] and, assuming q = 2 and n ≥ 3, to a strongly regular graph with
Throughout the paper we will use the term n-space to refer to an ndimensional projective space.
2 Relative m-ovoids of Q − (2n + 1, q)
Let PG(2n + 1, q) be the projective space over the finite field GF(q) and let Q − (2n + 1, q) be an elliptic quadric of PG(2n + 1, q). Let Q = Q(2n, q) be a parabolic quadric embedded in Q − (2n + 1, q). Let ⊥ denote the polarity of
Definition 2.1. A relative m-ovoid of Q − (2n + 1, q) (with respect to Q) is a subset R of points of Q − (2n+1, q)\Q such that every generator of Q − (2n+1, q) not contained in Q meets R in m points.
A relative m-ovoid is said to be nontrivial or proper if m = 0 or m = q n−1 . A relative m-ovoid having the same size as its complement (in
is called a relative hemisystem.
Proof. We count in two ways the pairs (P, b), where P ∈ R, b ∈ B and P ∈ b:
and hence |R| = mq(q n − 1).
and let P be a point of Q − (2n + 1, q).
Proof. In the first three cases, we count in two ways the pairs (P, b), where
and hence |R ∩ Q ′ | = mq n .
d)
We count in two ways the pairs (T, b), where
P ∈ b and T ∈ b:
and hence
In the remaining two cases, we count in two ways the pairs (T, b), where
and hence |R ∩ P ⊥ | = m(q n + 1).
Theorem 2.4. Let R be a proper relative m-ovoid of Q − (2n + 1, q). Then q is even and R is a relative hemisystem.
Proof. Let Q − (2n − 1, q) be an elliptic quadric contained in Q. Let F be the pencil of quadrics embedded in Q − (2n+1, q) having as base locus Q − (2n−1, q).
Then F contains, apart from Q, q − 2 parabolic quadrics and two cones. Let P 1 , P 2 be the vertices of the two cones. We distinguish three cases according as P 1 , P 2 ∈ R, P 1 , P 2 ∈ R, P 1 ∈ R, P 2 ∈ R, respectively. If the first case occurs then, from Lemma 2.3 a), d), we have
and hence m = q n−1 . If the second case occurs then, from Lemma 2.3 a), e),
we have
and hence m = 0. If the third case occurs then, from Lemma 2.3 a), d), e), we
and hence 2m = q n−1 . It follows that q is even and m = q n−1 /2.
Remark 2.5. Theorem 2.4 does not hold true for hyperbolic quadrics as shown in the following example. Let
There exists a pencil P of parabolic quadrics having Q − (3, q) as base locus. A plane of Q + (5, q) meets a parabolic quadric of P in a line having necessarily a point on Q − (3, q) and hence meets each of the q sets Q(4, q) \ Q − (3, q) in q points, i.e., each of them is a "relative q-ovoid" of Q + (5, q) with respect to Q. Of course, gluing together i of such sets, a "relative iq-ovoid" is obtained,
Hence there exist "relative m-ovoids" of Q + (5, q) with respect to Q that are not relative hemisystems.
In view of Theorem 2.4, we will assume for the remaining part of the paper that q is even.
Let G denote the stabilizer of Q − (2n + 1, q) in PGL(2n + 2, q). Let Σ be the hyperplane of PG(2n + 1, q) containing Q and let N = Σ ⊥ . Note that N is the nucleus of Q. Let τ be the involution of G fixing Σ pointwise and N linewise.
Proof. With the same notation introduced in the proof of Theorem 2.4 we only observe that the line P 1 P 2 contains N . 3 Relative hemisystems of Q − (4n + 1, q)
In this Section we construct a relative hemisystem of Q − (4n + 1, q) admitting the group PSp(2n, q 2 ) as an automorphism group.
Let V be a 2n-dimensional vector space over GF(q 2 ) and let k be an alternating form with associated polar space W(2n − 1, q 2 ). The vector space V can be considered as a 4n-dimensional vector space V ′ over GF(q) via the inclusion
. Composition of k with the trace map T : z ∈ GF(q 2 ) → z + z q ∈ GF(q) provides a new alternating form k ′ on V ′ and so we obtain a new polar space W(4n−1, q). Now each point in PG(2n−1, q 2 ) corresponds to a 1-dimensional vector space in V , which in turn corresponds to a 2-dimensional vector space in V ′ , that is a 1-dimensional projective space of PG(4n − 1, q).
Extending this map from points of PG(2n−1, q 2 ) to subspaces of PG(2n−1, q 2 ),
we obtain an injective map from subspaces of PG(2n−1, q 2 ) to certain subspaces of PG(4n − 1, q):
The map φ is called the GF(q)-linear representation of PG(2n − 1, q 2 ).
A line spread of a polar space P is a collection S of mutually disjoint lines of P such that each point of P is contained in an element of S. The set D = {φ(P ) | P ∈ W(2n − 1, q 2 )} is an example of line spread of W(4n − 1, q). The incidence structure whose points are the elements of D and whose lines are the generators of W(4n − 1, q) spanned by two distinct elements of D, is isomorphic to W(2n−1, q 2 ). Denote by ρ the symplectic polarity of PG(2n−1, q 2 ) associated with W(2n − 1, q 2 ) and by ρ ′ the symplectic polarity of PG(4n − 1, q) associated
Since q is even, the symplectic polar space W(4n − 1, q) is isomorphic to the parabolic quadric Q = Q(4n, q). This isomorphism can be realized by projection of Q from its nucleus N onto a hyperplane not containing N [14] . Denote by µ the bijection between W(4n − 1, q) and Q. Thus, µ(D) is a line spread of Q admitting PSp(2n, q 2 ) as an automorphism group.
Let Σ be the ambient projective space of Q and consider Σ as a hyperplane of a PG(4n + 1, q). Let Q − (4n + 1, q) be an elliptic quadric of PG(4n + 1, q)
In this way, if G denotes the stabilizer of
, by Witt's theorem, we can say that there exists a subgroup K of G, isomorphic to PSp(2n, q 2 ), that stabilizes the line spread
Let ⊥ denote the orthogonal polarity of PG(4n+1, q) associated with Q − (4n+ 1, q). Then N = Σ ⊥ . Let τ be the involution of G fixing Σ pointwise and N linewise. We are interested in the action of K on points of
Proposition 3.1. The group K has two orbits O 1 , O 2 of the same size on points
Proof. Let P 1 ∈ Q − (4n + 1, q) \ Q, then P 
It follows that there exists a one-to-one correspondence between the elliptic quadrics of PG(2n − 1, q 2 ) inducing the polarity ρ and the elliptic quadrics of
, we have that the stabilizer of P 1 in K is isomorphic to PGO − (2n, q 2 ) and hence from the Orbit-Stabilizer theorem |P
Let ℓ be the line joining P 1 and N and let ℓ∩Q − (4n+1, q) = {P 1 , P 2 }. Since K fixes N , if there was an element α ∈ K such that P α 1 = P 2 , then α would fix ℓ and hence α would lie in the stabilizer of ℓ in K. On the other hand, since
⊥ , the stabilizer of ℓ in K coincides with the stabilizer of P 1 in K, which acts identically on ℓ. It follows that P 2 / ∈ P
From now on we assume that n ≥ 2. We are now interested in determining the orbits of the group K on the set L consisting of lines of
Proposition 3.2. The group K has three orbits on lines of L.
Proof. With the same notation introduced in Proposition 3.1, let P 1 ∈ O 1 and let P 2 = P Let ℓ be a line of Q − (4n + 1, q) passing through P 1 and meeting Q at the point P . Let ℓ P be the unique line of µ(D) through P and let ℓ ′ = P 2 P . The plane π = ℓ, ℓ P is either contained in Q − (4n+1, q) or shares with Q − (4n+1, q) the 2q + 1 points of ℓ ∪ ℓ P . Let π ′ = ℓ P , P 2 If P ∈ X, then π is contained in Q − (4n + 1, q) and the solid π, P 2 meets Q − (4n + 1, q) in the union of the two planes, π and π We may assume, that π is a Latin plane and π ′ is a Greek plane. Hence the q 2 points of π \ Q(4, q) (resp. π ′ \ Q(4, q)) correspond to q 2 secant lines (resp. external lines) to Q − (3, q) and therefore they lie in the same H-orbit. Since H ≤ K, the line ℓ contains q points of O 1 . Analogously, the line ℓ ′ contains q points of O 2 .
If P ∈ X, then π shares with Q − (4n + 1, q) the 2q + 1 points of ℓ ∪ ℓ P .
If r is an external line to
) is a set of q 2 +1 lines of µ(D) partitioning the point set of a Q(4, q) contained in Q. In particular ℓ P ∈ µ(φ(r)) and Q(4, q) meets Q − (4n−1, q) in an elliptic quadric Q − (3, q). Indeed, since a line of µ(D) is either contained in Q − (4n− 1, q) or it is tangent to it and Q(4, q) contains q 2 + 1 lines of µ(D), it follows that |Q(4, q)∩Q
By construction ℓ and ℓ ′ are lines of Q − (5, q) and contained in a symplectic polar space W(3, q) embedded in a Hermitian surface H(3, q 2 ) in PGU(4, q 2 ) on lines of H(3, q 2 ). From [12] , H has two orbits, R 1
and R 2 , of size q 2 (q 2 − 1)/2 on points of Q − (5, q) \ Q(4, q) and each of them is a relative hemisystem of Q − (5, q) with respect to Q(4, q). In particular, we may assume that P i ∈ R i , i = 1, 2 and, since H ≤ K, we have that R i ⊂ O i , i = 1, 2. Also, from [12] , the group H acts transitively on lines of Q − (5, q) that are not contained in Q(4, q). Therefore ℓ and ℓ ′ lie in the same H-orbit and both contain q/2 points of O 1 and q/2 points of O 2 .
Let L i be the set of lines of L containing q points of O i , i = 1, 2 and L 3 be the set of lines of L containing q/2 points of O 1 and O 2 . Through the point P 1
(resp. P 2 ), there pass (q
in K is a group J isomorphic to PGO − (2n, q 2 ). The group J has two orbits on points of Q − (4n − 1, q), namely X and its complement. Therefore J (and hence K) permutes in a single orbit the lines of L i passing through P 1 (resp.
whereas, if ℓ 3 ∈ L 3 , we have that
On the other hand,
We are ready to prove the main result of this Section. Proof. Let g be a generator of Q − (4n+1, q) not contained in Q and let g ′ be the (2n−2)-space obtained by intersecting g with Q. Let P be a point of g\g ′ and let
the set of points covered by the lines of µ(D) that are contained in Q − (4n−1, q).
From [11, Theorem 1.1, Table 1 ], the set X is a (q 2n−2 − 1)/(q − 1)-ovoid of
Remark 3.4. The relative hemisystems of Q − (4n + 1, q) constructed in Theorem 3.3 admit PSp(2n, q 2 ) as an automorphism group.
Remark 3.5. With the aid of Magma [3] we checked that Q − (7, 2) has no relative hemisystems.
Applications
In this section we show that associated to a relative hemisystem of Q − (2n+1, q), n ≥ 2, is a q n −1 q−1 -ovoid of W(2n + 1, q). Also, we provide a construction of a strongly regular graph with parameters v = 2 n−1 (2
Note that, when n is even, this graph has the same parameters as the strongly regular graph constructed in [10] , by considering as vertices the elliptic sections of a parabolic quadric of PG(n, 4).
4.1
q n −1 q−1 -ovoids of W(2n + 1, q), q even
In W(2n + 1, q), q even, the classical example of q n −1 q−1 -ovoid is an elliptic quadric Q − (2n + 1, q) polarizing to the symplectic polarity of W(2n + 1, q).
Our examples of q n −1 q−1 -ovoids are examples of quasi-quadrics in the sense that they have the same size and the same intersection numbers with respect to hyperplanes of a non-degenerate quadric of PG(2n + 1, q).
Let Q − (2n + 1, q), n ≥ 2, be an elliptic quadric of PG(2n + 1, q), let Q = Q(2n, q) be a parabolic quadric embedded in Q − (2n+1, q) and let R be a relative hemisystem of Q − (2n + 1, q) with respect to Q. Since q is even, the polarity induced by Q − (2n + 1, q) gives rise to a symplectic polar space W(2n + 1, q). If δ is a non-zero element of GF(q) such that X 2 + X + δ = 0 is irreducible over GF(q), then we may assume that Q − (2n + 1, q) is given by
whereas Q is given by
Let Q + (2n + 1, q) be the hyperbolic quadric given by
Then the quadrics Q − (2n + 1, q) and Q + (2n + 1, q) share Q(2n, q) and generate a pencil P comprising q/2 elliptic quadrics, q/2 hyperbolic quadrics and a cone C having as basis the parabolic quadric Q(2n, q) and as vertex its nucleus N .
Since q is even, an orthogonal polarity gives rise to a symplectic polarity. In particular, the orthogonal polarities induced by the non-degenerate quadrics of P in PG(2n+1, q) all polarize to the same symplectic polarity ⊥ of PG(2n+1, q) which defines the symplectic polar space W(2n + 1, q).
Each elliptic quadric Q − i of P is partitioned as follows: We show that X = A ∪ B ∪ Q is a (q n − 1)/(q − 1)-ovoid of W(2n + 1, q). Let π be a totally isotropic n-space of W(2n + 1, q). Three possibilities occur:
1. π meets Q in an (n − 1)-space and π is contained in N ⊥ . There are n i=1 (q i + 1) such n-spaces and none of these meets X furtherly.
2. π meets Q in an (n − 1)-space and π is not contained in N ⊥ . Then π will be contained in a hyperbolic quadric of P and π does not meet X furtherly.
3. π meets Q in an (n − 2)-space σ. Then π ∩ Q − i is an (n − 1)-space σ i and π ∩ Q − j is an (n − 1)-space σ j , i = j. In this case σ i ∩ σ j = σ. Since A and B are relative hemisystems of Q i and Q j , respectively, we have that σ i meets A in q n−1 /2 points and σ j meets B in q n−1 /2 points. Then, π meets X in (q n − 1)/(q − 1) points.
We have proved the following proposition. 
A strongly regular graph
Let R be a relative hemisystem of Q − (2n + 1, 2), n ≥ 3. Here ⊥ denotes the orthogonal polarity of PG(2n + 1, 2) induced by Q − (2n + 1, 2). Let G be the graph having as vertices the points of R with two vertices x, y being adjacent if xy is a line of Q − (2n + 1, 2).
Proposition 4.3. The graph G is strongly regular with parameters v = 2 n−1 (2 n − 1), k = (2 n−2 − 1)(2 n + 1), λ = 2(2 n−1 + 1)(2 n−3 − 1), µ = 2 n−1 (2 n−2 − 1).
Proof. The number of vertices is v = 2 n−1 (2 n − 1) and from Lemma 2.3 d) we have that k = (2 n−2 − 1)(2 n + 1). Let x, y ∈ R such that x is not adjacent to y. Then y ∈ (x τ ) ⊥ \ {x τ }. We have that µ = |x ⊥ ∩ y ⊥ ∩ R| and x ⊥ ∩ y ⊥ is an elliptic quadric Q − (2n − 1, 2) meeting Q in the cone P Q − (2n − 3, 2), where
There are three hyperplanes through x ⊥ ∩y ⊥ , namely, x ⊥ , y ⊥ and T ⊥ , where T = Σ ∩ xy and Σ = Q . Then T ⊥ meets Q in a cone P Q(2n − 2, 2)
containing P Q − (2n − 3, 2). Hence, from Lemma 2.3 c), d), |T ⊥ ∩ R| = 2 2n−2
and |x ⊥ ∩ R| = |y ⊥ ∩ R| = 2 n−2 (2 n + 1) − 2 n . It follows that µ + 2(2 n−2 (2 n + 1) − 2 n − µ) + 2 2n−2 − µ = 2 n−1 (2 n − 1) and hence µ = 2 n−1 (2 n−2 − 1). Let x, y ∈ R such that x is adjacent to y. Then y ∈ x ⊥ ∩ R \ {x}. We have that λ = |x ⊥ ∩ y ⊥ ∩ R \ {x, y}| and x ⊥ ∩ y ⊥ is a cone ℓQ − (2n − 3, 2), where ℓ = xy, meeting Q in the cone T Q − (2n − 3, 2), with T = ℓ ∩ Q. There are three hyperplanes through x ⊥ ∩ y ⊥ , namely, x ⊥ , y ⊥ and T ⊥ . Hence, from Lemma 2.3 d), f ), |T ⊥ ∩ R| = 2 n−1 (2 n−1 − 1) and |x ⊥ ∩ R| = |y ⊥ ∩ R| = 2 n−2 (2 n + 1) − 2 n . It follows that λ + 2 + 2(2 n−2 (2 n + 1) − 2 n − λ − 2) + (2 n−1 (2 n−1 − 1) − λ − 2) = 2 n−1 (2 n − 1) and hence λ = 2 2n−3 − 2 n + 2 n−2 − 2 = 2(2 n−1 + 1)(2 n−3 − 1).
Remark 4.4. The graph G arising from the relative hemisystem of Q − (9, 2) constructed in Theorem 3.3 has the same parameters of the graph constructed in [10] by considering the elliptic sections of a parabolic quadric of PG (4, 4) .
With the aid of Magma [3] we checked that the two graphs have the same automorphism group isomorphic to 2 · PSp(4, 4). Hence it is plausible that the two graphs are isomorphic.
